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Abstract 

By using the Malliavin calculus and solving a control problem, Bismut type 
derivative formulae are established for a class of degenerate diffusion semigroups 



\Q [ with non-linear drifts. As applications, explicit gradient estimates and Harnack 

^^ ■ inequalities are derived. 
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1 Introduction 

The Bismut derivative formula introduced in |1], also known as Bismut-Elworthy-Li for- 
mula due to j6], is a powerful tool to derive regularity estimates on diffusion semigroups. 
In the elliptic case this formula can be expressed by using the intrinsic curvature induced 
by the generator. But in the degenerate case the required curvature lower bound is no 
longer available. Of course, the Malliavin calculus works also for the hypoelliptic case as 
shown in e.g. [1] on Riemannian manifolds. In this case the pull-back operator involved 
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in the formula is normally less explicit, so that it is hard for one to derive explicit gra- 
dient estimates. Nevertheless, as shown in [H §6], in some concrete degenerate cases the 
derivative formula can be explicitly established by solving certain control problems. 

Recently, explicit derivative formulae for damping stochastic Hamiltonian systems 
have been established in [16] and [5] by using Malliavin calculus and coupling respectively, 
where the degenerate part is linear. In this case successful couplings with control can 
be constructed in a very explicit way, so that some known arguments developed in the 
elliptic setting can be applied. However, when the degenerate part is non-linear, the study 
becomes much more complicated. The main purpose of this paper is to extend results 
derived in [161 Ej to the non-linear degenerate case. 

Consider the following degenerate stochastic differential equation on R"^ x Mf^: 



'^^•^) ^ i--(2) _ 7(2)(vm v(2) 



dx« = zW(x«,xf))dt, 

dXf = Z(2)(X«,xf))dt + adi?, 



where XJ: and X^: take values in R"^ and R*^ respectively, a is an invertible d x ci-matrix, 
Bt is a rf-dimensional Brownian motion, Z^^^ G C^{W^+'^;W) and Z^^) g C1(R'"+^; M^). 
Let Xt = (X| ,Xl ), Z = {Z^^\ Z^'^'^). Then the equation can be formulated as 

(1.2) dXi = ZTOdt + (0,adSi). 

We assume that the solution is non-explosive, which is ensured by (HI) below. Our 
purpose is to establish an explicit derivative formula for the associated Markov semigroup 

Pf. 

Ptfix) = Ef{Xt{x)), t>0,xe R'^^^ / G ^fe(M™+'^), 

where Xt{x) is the solution of (11.21) with Xq = x, and ^^(R'"^'^) is the set of all bounded 
measurable functions on R'"+'^. 
When m = d,a = Idxd and 

Z«(x, y) = VH{x, -M, Z(2)(x, y) = -VH{; y){x) - F{x, y)VH{x, -M 

for some functions H and F, (11.11) goes back to the stochastic Hamiltonian system 

.^3. fdX, = Vi/(X„-)(r,)dt, 

[dYt = -{VH{;Yt){Xt) + F{Xt,Yt)VH{Xt,-){Yt)}dt + dB, 

with Hamiltonian function H. See e.g. [10] for the physical background and applications 
in mechanics of the model, and see [TT] for exponential convergence of the system to the 
invariant probability measure. In particular, if H{x, y) = V{x) + ||i/P and F = c for some 
constant c, (II. 3p is associated to the "kinetic Fokker-Planck equation" in PDE, see e.g. 
[I2] where the hypocoercivity and related regularization estimates w.r.t. the invariant 



probability measure are studied; and is known as "stochastic damping Hamiltonian sys- 
tem" in probability theory, see e.g. [H [15] where some long time behaviors of the system 
have been investigated. 

Following the line of two recent papers [T6l [5] where Bismut formula and Harnack 
inequalities are derived for Pt associated to (11. ip with Z^^'{x,y) = Ay for some m x d- 
matrix A, we aim to derive explicit point-wise derivative estimates of Pt for more general 
settings where Z^^\x,y) might be non-linear and depend on both variables x and y, so 
that some typical examples for the physical model (11. 3p are covered (see Example 4.1 
below). 

To compare the present equation with those investigated in [161 Ej where Z^^^ is linear, 
let us recall some simple notations. Firstly, we write the gradient operator on M'""'"'' as 
V = (V-^-*, V*-^^), where V*-^-* and V*-^^ stand for the gradient operators for the first and the 
second components respectively, so that V/ : M™"'"'^ — ;■ M™'+'^ for a different iable function 
/ on M™+'^. Next, for a smooth function ^ = (^i, ■ ■ ■ , ^fc) : M™+'^ -^ R'', let 



ve 



/veA 



Vvay 



v«e 






i = 1,2. 



Then V^, V*-^-*^, V*-^-*^ are matrix-valued functions of orders k x (m + d),k x m,k x d 
respectively. Moreover, for an / x /c-matrix M = {Mij)i<i<i^i<j<k and v = (fi)i<i<fc G M.^, 
let Mv e M' with {Mv)i = Y!1=i ^ijVj, l<i<l. Finally, we will use || ■ || to denote the 
operator norm for linear operators, for instance, ||M|| = supi^i^j^ \Mv\. 

When Z^^^(x^^\x^'^^) depends only on x^'^^ and V'-^-'Z'-^) is a constant matrix with rank 
m, then equation (II. ip reduces back to the one studied in [5] (and also in [16] for m = d). 
In this case we are able to construct very explicit successful couplings with control, which 
imply the desired derivative formula and Harnack inequalities as in the elliptic case. But 
when Z^^^ is non-linear, it seems very hard to construct such couplings. The idea of this 
paper is to split Z^^^ into a linear term and a non-linear term, and to derive an explicit 
derivative formula by controlling the non-linear part using the linear part in a reasonable 
way. More precisely, let 

where Bq is a constant m x (i-matrix. We will be able to establish derivative formulae for 
Pt provided B is dominated by Bq in the sense that 

(1.4) {BBla.a) > -e\B*a\'^, Va G M™ 

holds for some constant e G [0, 1). 

To state our main result, we first briefly recall the integration by parts formula for the 
Brownian motion. Let T > be fixed. For an Hilbert space H, let 

m{H) = LeC{[0,T];H): ho = 0,\\h\\l^Hy.= j \ht\ldt < oo\ 



be the Cameron-Martin space over H . Let EI = EI(M'^) and, without confusion in the 
context, simply denote || ■ ||h = || ■ \\m{H) for any Hilbert space H. 

Let /i be the distribution of {Bt}te[G,T]i which is a probabihty measure (i.e. Wiener 
measure) on the path space Vt = C([0,T]; M"^). The probabihty space {fi,fi) is endowed 
with the natural filtration of the coordinate process Bt{w) := Wt,t G [0,T]. A function 
F G L^(r2; yu) is called different iable if for any /i G H, the directional derivative 



e^O e 

exists in L'^{Q] fi). If the map M. 3 h \-^ DhF G L'^{VL\ fi) is bounded, then there exists a 
unique DF G L^{n -^ M; /i) such that {DF, /i)e = DhF holds in L\n; /j,) for all h E M. 
In this case we write F G ^{D) and call DF the Malliavin gradient of F. It is well known 
that {D, 3i{D)) is a closed operator in L'^iVt; fi), whose adjoint operator {6, ^{S)) is called 
the divergence operator. That is, 

(L5) E{DhF) = f DhFdfi = [ F5{h)dfx = E{FS{h)), F G ^{D), h G ^{5). 

Jn Jn 



pm ^ lam. 



For any s > 0, let {K(t, s)}t>s solve the following random ODE on 

(1.6) ^i^(t, S) = (V(^)ZW)(Xi)ir(t, S), K{S, S) = Imxm. 

We assume 

(H) The matrix cr G M'^ ® M'' is invertible, and there exists W G C'^{W^+'^) with W > 1 
and lim W{x) = oo such that for some constants C, ^2 > and /i G [0, 1], 

(HI) LW < CW, |V(2)vr|2 < CW, where L = |Tr(CT(T*V(2)V(2)) + Z ■ V; 
(H2) ||VZ|| < CW^\ IIV^ZII < CW^\ 

For any v = {v^^\v^'^^) G R™'"'"'^ with \v\ = 1, we aim to search for h = h{v) G ^(S) 
such that 

(L7) V,,PTfix)=E[fiXT{xmh)], feCl{R'^+') 

holds. To construct h, for an H-valued random variable a = {as)selo,T], let 



:l8) 



gt = K{t,0)v^'^+ [ K{t,s)V^''^Z^'\Xs{x))asds, 
Jo 

ht= [ a-'{VZ^^\Xs{x)){gs,as)-as)ds, tG[0,T]. 
Jo 



We will show that h satisfies (I1.7P provided it is in ^(S) and ao = v^'^\aT = 0,gT = 0, 
see Theorem 12.11 below for details. In particular, it is the case for a^ given in the following 
result. 

Theorem 1.1. Assume (H) and let ^^"^'Z^^' = Bq + B for some constant matrix Bq 
such that (11. 4p holds for some constant e G [0, 1). // there exist an increasing fcuntion 
e e C([0,T]) and <p e C\[0,T]) with ^{t) > for t e (0,T], 0(0) = 0(T) = and 
(pit) >Oforte (0, T) such that 

(1.9) / <l){s)K{T,s)BoB*K{T,srds > at)Im>cm, t e (0,T]. 

Jo 

Then 
(1) Qt := /o 0(s)fs:(T,s)V(2)Z«(X,)E*/s:(T,s)*ds is mvertihle for t e (0,T] with 

(1.10) IIOr'll<i^3^. i^io.ri. 



(2) Let h he determined by (11.81) for 

' .(2)-0(t)5*i^(T,t)*gj;i / 'L—lKiT,s)V^^^Z^'\X,)v^^'^ds 

Jo -^ 



T 



Jo Us)2ds Jt 

r/ien /or any p > 2, there exists a constant Tp G (0, oo) if li = 1 and Tp = oo if 
li < 1, such that for any T G (0,Tp), (ll.7p holds with K\6{h)\^ < oo. 

(3) For any p > 1 there exist constants ci{p),C2{p) > 0, where C2{p) = if h = h = 0, 
such that 



:i.i2) IVP./I < c.(rt(Pd/n-^' ^^"^""'^^'^"^»^""" 



/„"'«W=d, 



holds for allT > and f G 



'bl 



pm+rf"! 



The remainder of the paper is organized as follows. In Section 2 we present a general 
result on the derivative formula by using Malliavin calculus, from which we are able to 
prove Theorem 11.11 in Section 3. In Section 4 we will verify (II. 9p for the following two 
cases respectively: 



(I) V(^)Z(^) is non-constant but Rank[So] 



m. 



(II) A := V^^^Z^^) is constant such that Rank[_Bo, ^-Bo, ■ ■ ■ ,A''Bo] = m holds for some 
< A; <m-l. 



In both cases the L^-gradient estimate (I1.12p is derived with specific ^, while in Case 
(II) the Harnack inequality introduced in [13] is established provided VZ^^^ is constant, 
which extends the corresponding Harnack inequality obtained in [5] for ^^^'Z^^' = and 
y(2)2'(i) is constant with rank m. This type of Harnack inequality has been applied in 
the study of heat kernel estimates and contractivity properties of Markov semigroups, see 
e.g. [5] and references therein. 

2 A General Result 

In this section we will make use of the following assumption. 
(H') The function 



U{x) :=Eexp 



2 / ||VZ(X,(x))||dt 





X e M™+'^ 



is locally bounded. 



Theorem 2.1. Assume (H') for some T > 0. For v = {v^'^\v^'^^) e ]R™+'^, let {as)o<s<T 
be an M-valued random variable such that ao = v^"^^ and ax = 0, and let gt and ht be given 
in (0). IfgT = and h G ^{6), then (O) holds. 

Proof. For simplicity, we will drop the initial data of the solution by writing Xt{x) = Xt. 
By (H') and ( 11. 2p we have Xt G ^(-D), and due to the chain rule and the definition of ht, 

DhXt= f VZ{Xs)DhXsds+ f {0,aK)ds 

(2.1) ^' . ^' . 

= (0,i;(2)-ai)+ / VZ{Xs)DHXsds+ / (O, VZ(2)(X,)(^„ a,)) ds 
Jo Jo 

holds for t G [0, T]. Next, it is easy to see that 

9t = v^'^ + [ VZ^'\X,){g,,a,)ds, t G [0,r]. 
Jo 

Combining this with (12. ip we obtain 

Df,Xt + (gt^at) = v+ [ WZ{X,){D,,Xs + (^„a.)}ds, t G [0,T]. 

On the other hand, the directional derivative process 

Xt(x + ev)-Xt(x) 



VvXt := lim 



6 



satisfies the same equation, i.e. 

(2.2) V.Xi = v+ [ VZ{Xs)V,XAs, t e [0,T]. 

Jo 

Thus, by the uniqueness of the ODE we conclude that 

DhXt + {gt,at) = V,Xt, t e [0,T]. 
In particular, since {qt, ot) = 0, we have 

(2.3) DhXr = V.Xt 
and due to (H') and (E^D, 



(2.4) 



E\DhXT\'^ = E|V.„Xr|^ < |w|^Eexp 



2 / \\VZ\\{Xs)ds 





Combining this with (11. 5p and letting / G C^(M™^'^), we are able to adopt the dominated 
convergence theorem to obtain 



V.Prf = E(V/(Xt), V„Xt) = E(V/(Xt),Z^/.Xt) = ED^/(Xt) = E[/(Xt)<5(/i)]. 



D 



Remark 2.1. Using the same argument as above, we also have the following derivative 
formula: 

(2.5) EV./(Xt) = E (fiXr) J^ [<^(^(e.))(VX^),-/ - A.(e,)(VX^)-/ 

\ i,k 

where (cj) is the canonical basis of M'""'''^, and h{ej) is defined by (11. 8p with v = Cj. In 
fact, since 

Y,idkX^T)i'^Xr),l = h=, 



and by (1231) 
we have 



Dh{ef,)Xj. — V ek^T ~ dkXj,, 



V./(X^) = J2(9^f)iXTy = 5^(9,/)(X^)(9,X^)(VX^)^^ 



i,j,k 



J](9,/)(X^)(D,(,,)X^)(VXt),"^ 



ij,k 



J2{DHe,)f{XT)}{VXr)^lv\ 

i,k 



which implies (12. 5 p by the integration by parts formula. 



Remark 2.2. For the higher order derivative formula, under further regularity assumptions 



for any Vi,- ■ ■ ,Vj G 



pm+d 



and f & C, 



Ifiam+d 



we 



have 



>v,}=E[f{XT{x))J,{T,vu---,v,)] 



(2.6) (V%/(Xr(x)),t;i®-^ 

where Ji{v) := 6{h{v)) and 

Jj{vi, ■■■ , Vj) := Jj-i{vi, ■■■ , Vj-i)6{h{vj)) + Vv^Jj-i{vi, ■■■ , Vj_i) 

where h{v) is defined by (11. 8p . In fact, as in the proof of Theorem 12.11 we have 

= E [{Vf){XT) ■ V,,Xt ■ 5{h{v^))] + E [f{XT)V,,5{h{v^))] 
= E [{Vf){XT) ■ D,^,,)Xt ■ 6{h^^)] + E [f{XT{x))V,Ah{v,))] 
= E[D,^,,)[f{XTMh{v^))]+E[f{XT{x))V,J{h{v,))] 
= E [fiXrix)) [6{hiv,))6{h^^') - D,,^,,)6{hiv,)) + V,,6ih{vi))]] . 

The higher derivatives can be obtained by induction. 



3 Proof of Theorem 11.1 



The idea of the proof is to apply Theorem 12.11 for the given process as- Obviously, (HI) 
implies that for any / > 1, there exists a constant Ci such that LW'' < CiW\ so that 
EW{Xt{x))^ < e^'-^W{xY and thus, the process is non-explosive; while (H2) imply that 
IIVZII + IIV^ZII < Ciy'iv^a i^Qi^g fQ^ gQj^g C > 0, so that 



(3.1) 



E 



|VZf + ||V^Zf)(Xi)) < e"(P)*iyP('i^'2\ t > 



holds for any p > 1 with some constant c(p) > 0. The following lemma ensures that (H) 
implies (H') for all T > if /i < 1 and for small T > if /i = 1. 



Lemma 3.1. // (HI) holds, then for any T > 0, 



Eexp 



r2C||a||V+2cr 



T 



W{Xt)dt 



< exp 



2W 



TC||a||V+^^ 



on 



Consequently, (H2) imply that U := Eexp[2 J^ ||VZ||(Xi)dt] is locally hounded 
if either h<l orh = l hut T^C^Haf e^+2^^ < 1. 

Proof. It suffices to prove the first assertion. By the Ito formula and (HI), we have 
dW{Xt) = {V^'^^W{Xt),adBt) + LW{Xt)dt < {V'''^^W{Xt),adBt) + CW{Xt)dt. 



Dm+d 



8 



So, forte [o,r], 



^[e~^c+2/T)t^^Xt)] < e-(^'+2/^)*(V(2)H/(X,),adfi,) - ^e-'^^-^W{Xt)dt. 



2 

T 



Thus, letting r„ = inf{t > : W{Xt) > n}, for any n>l and A > we have 

2A Z-^^"" 

T2 / 
'0 



Eexp 



2^gCT+2 



W{Xt)dt 



<e^^Eexp 
<e^^( Eexp 



A 



T^Tn 



-(C+2/T)t/^(2) 



(V^'W(Xi),(Td5i) 






TAt„ 



W{Xt)dt 



1/2 



where the second inequahty is due to the exponential martingale and (HI). By taking 

1 



A 



TC|kl|2e^^+2' 



we arrive at 



Eexp 



TAt„ 



W{Xt)dt 



< 



exp 



2W 



TC||a||2e2+^^ 



_r2C||a|| V+2f^^ JO 
This completes the proof by letting n — ;■ oo. 

To ensure that E|5(/i)p < oo, we need the following two lemmas. 
Lemma 3.2. Assume (H). Then there exists a constant c > such that 

(3.2) \\DXt\W < Vt||a||e^/o^'^(^^)^^t > 0. 

Consequently, if li < 1, then for any p> 1, 



E sup \\DXtYn < oo. T > 0; 

\te[o,T] ) 

and if li = 1, then for any p > 1 there exists a constant Tp > such that 



E| sup WDXtWl] <cx), TG(0,Tp) 
tG[o,r] 



D 



Proof. Due to Lemma ISTTl it suffices to prove (13. 2p . From (IL2p we see that for any /i G H, 
DhXt solves the following random ODE: 



DhXt = [ iVZ)iXs)DhXAs + (0,(T/i(t)). 
Jo 



Combining this with (H2) and \h(t)\ < -\/t ||/i||h, we obtain 

\DhXt\ <C [ W''iXs)\DhXs\ds + Vi\\a\\ ■ ||/i||h, heU. 
Jo 

Therefore, 

\\DXt\\m<C f W''{Xs)\\DXs\\mds + ViM. 
Jo 

This imphes (13 ■2p by Gronwall's inequahty. D 

Lemma 3.3. Assume (H). Then for any s G [0,T], 

(3.3) ||i^(T,s)|| < Ce^/f M/'U^.)dr^ \\dsK{T,s)\\ < CW^^{Xs)e^ ^^^''^^^^'^\ 
and 

(3.4) \\DK{T,s)U < Ce^/"^'^(^^)'i'^ f l^'^(X,)pX,,||edr. 

J s 

Consequently, for any p > 1 there exists Tp G (0, oo) if li = 1 and Tp = oo if h < 1 such 
that 

E I sup \\DK{T,t)\\m] < oo, T G (0,Tp). 
\telo,T] J 

Proof. By Lemma 13.21 and sup^grQ^-i ]EH^'(Xt) < oo for any / > as observed in the 
beginning of this section, it suffices to prove (13.31) and (13. 4p . First of all, by (II. 6p and 
(H2), we have 



\\K{t,s)\\ <1+ / ||VWZ«(X,)|| \\K{r,s)\\dr<l + C I W''{Xr)\\K{r,s)\\dr. 

J s J s 

which yields the first estimate in (13.31) by Gronwall's inequality. Moreover, noticing that 
dsKit.s) = Av«Z(i))(X,)a,/f(r,s)dr- (V«Z«)(X,), 

J s 

by (H2) we have 

\\dsK{t,s)\\ <C [ W'^{Xr)\\dsK{r,s)\\dr + CW'^{Xs). 



The second estimate in (13. 3p follows. As for (13. 4p . since 

^^DK{t,s) = {Vr>xM'^Z^'^){X,)K{t,s) + {V^'^ Z^'^){X,)DK{t,s) 

10 



with DK{s, s) = 0, it follows from (H2) and ([33D that 

\\DK{t,s)\\u< I ||VVWzW(^r)ll \\DXr\\m\\K{r,s)\\dr 

J s 

+ I ||V(^)Z«(X,)|| \\DK{r,s)\Udr 

J s 

< Ce^/jH^'MxOdr t wh^Xr)\\DXr\\u^r 

J s 

+ C [ W'^{Xr)\\DK{r,s)\\ndr. 



This implies ([33D- □ 

Proof of TheoremUJi (1) Let a G M*". By ([HD, (JHH) and V^^)^^!) = Bq + B we have 

(gia,a) = /" <l>{s)(^{K{T,s)BoB*K{T,sya,a) + (A'(T, s)5(X,)fi*ir(T, s)*a,a))ds 

> (1 - e) / (l){s)\B*K{T, sya\Ms > (1 - e)^(t)|a|2. 

This implies that Qt is invertible and f ll.lOp holds. 

(2) According to Lemma I3.H (H) implies (H') for all T > if /i < 1 and for small 
T > if /i = L Next, we intend to prove that h e &{S) and E\S{h)\P < cx) for small T > 
if /i = 1 and for all T > if /i < 1. Indeed, by Lemmas 13.21 13.31 (13. ip . and the fact that 



DQT' = -QT\DQt)Q 



t -I 



there exists Tp > if /i = 1 and Tp = oo if /i < 1 such that 

sup E|DQi|P < +00, T G (0,Tp), 

te[o,r] 

and by (irTOj) . 

(3.5) (E||.,«r're)'"<Mj. «.(0,T1, 



(3.6) sup (EllDaill^ + EllDr^illS) % oo, Te(0,Tp). 

tG[0,T] ^ ^ 

Since 

(3.7) limje < \\a-'\\{\\V^Z^^\Xt)\\ \\DXt\\u \{9uat)\ 

+ ||VZ(2)(X,)|| ||(Z^(7<,Z^ai)||e+P«t||H}. 

11 



we conclude from (H2), (13. ip and (13. 6p that 

-T _ \ p/2 



E 



WDhtWldtj +E||/i||^<cx), TG(0,Tp). 



Therefore, according to e.g. [HI Proposition 1.5.8], we have h G ^{6) and E|5(/i)|^ < oo 
provided T e (0,Tp). 

Now, to prove (II. 7p . it remains to verify the required conditions of Theorem 12. II for at 
given by (II. lip . Since 0(0) = 0(T) = 0, we have a^ = w*-^-* and ax = 0. Moreover, noting 
that 



L ^ tVdt Jo Jt 



/o m'dt Jo 



/o m'dt 



T 



T 



4dt /" ^{sfQ;'K{T, 0)v^'Ms 



/o e(t)2dt Jo 



and 



/" </)(t)i^(T,t)V(2)z(i)(^t)5o^(^,^)*dt')QT' / ^^i^(T,s)V(2)z(i)(^.)^^'^ds 

= QtQt' f^K{T,s)V^'^Z('\X,)v('^ds = y'^^i^(T,.)V(^)Z«(X,)t;(2)d., 

we obtain by (II. lip 

gT = K{T,0)v^'^+ [ K{T,t)V^'^Z^'\Xt)atdt 
Jo 

= ir(r, 0)wW - Ji + / ^^i^(T,t)V(2)Z«(X4)i;(2)dt-/2 = 0. 
io -^ 

(3) By an approximation argument, it suffices to prove the desired gradient estimate 
for / G C^(M™+'^). Moreover, by the semigroup property and the Jensen inequahty, we 
only have to prove for p G (1, 2] and T G (0, Tp A 1). In this case we obtain from (ll.7p that 

ivpt/i < {Prifn^nnmn'^'. 

where q := -^ > 2. Therefore, it remains to find constants Ci,C2 > 0, where C2 = if 
h = h = 0, such that 

(3.8) (Eiwr)v.<£i^^s^:±im)!!!!:. 

lo^syds 
12 



To this end, we take 0(t) = ^^^ ' such that < < 1 and \4>{t)\ < ^ ioi t E [0,T]. Since 
^ is increasing, by (13. 3 p and (11. 9p . we have for some constant C > 0, 



j\{sfds<at?<Ct\ tG[0,l]. 



Thus, by Lemmas 13.11 13.21 13.31 and (13. ip . it is easy to see that for any 6 > 2 there exist 
constants ci, C2 > 0, where C2 = ii h = I2 = 0, such that for all < t < T < Tp A 1, 

{E\\DXt\fuY' ^ civ^e'^^^, {E\\DK{T,t)\Q'^' < ciT^/V^^ 

CitV 

W) 



nDQ^Tu)'^' < {mQ;'\\\\DQtMQ7'\\ry^' < ^e-^. 



Combining these with (13. 7p . (H2) and (13. ip . we obtain 



(Eip^tii^)^/'' < :v\.i, , (E|A/)^/^ < -5^ 



1/9 



I/^IIbi. :=(E||m||^^jj)^'^ + ||E/i|| 



< 


v^l 




1: 


\\Dht 




) i 


1/9 

■ +E /l H 


< 


Vt 


.tL 


E| 


Dht\l 


idt 


-/9 
+ 




^ 


C^iT^ 


+ iiT)y 


;2M/ 







1/2 



This implies (13. 8 p since 5 : D^'"^ — )■ L*^ is bounded, see e.g. Proposition 1.5.8 in [5]. D 

4 Two Specific Cases 

As indicated in the end of Section 1, we intend to apply Theorem 11.11 to Case (I) and 
Case (II) respectively with concrete functions ^ satisfying (II. 9p . 

4.1 Case (I): Rank[5o] = "^ 

Theorem 4.1. Assume (H) and ( 11. 4p for some e G [0,1). //Rank[i?o] = fn, then there 
exist constants ci, C2 > such that (ll.9p holds for 



m = ci f 0(s)e-^^(^-^)ds, tG[0,T]. 
Jo 
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Consequently, for any p > 1 there exist two constants ci{p),C2{p) > 0, where C2{p) = if 
h = h = 0, such that 

|V^T/|_ (2^/^1)3/2 , i >U. 

Proof. It is easy to see that the desired gradient estimate follows from fll.l2p for the 
claimed ^ with (p{t) = j^ , we only prove the first assertion. Since V^^-'Z'^^^ is bounded, 
there exists a constant C > such that 

\K{T,sya\>e-^^^-'^a\, aeW^. 

If Rank[i?o] = rn, then {BqqI > c'\a\ holds for some constant c' > and all a G M"*. 
Therefore, 

M, := / <j){s)K{T,s)BoB;K{T,syds 
Jo 

satisfies 

(Mta,a)= / (j){s)\B*K{T,sya\Ms>c'^ [ (f){s)e-^^^'"-''>\a\Ms. 
Jo Jo 

This completes the proof. D 

Example 4.1. Consider the stochastic Hamilton system (11. 3p . where m = d and V'-^^Z^^^ = 
HessH(a;, •)(?/) is symmetric. If for some C > 0, 

(4.1) CJ.xd < V(2)Z(1), or V(2)Z(1) < -C/,xd. 

Then we take Bo = Ch^^ if V(2)z(i) > C/,xd, while 5o = -Ch^^ if V^^)^^) < -C/^xd- 
It is trivial to see that Rank[i?o] = d = m and fll.ip holds for e = 0. 

A typical choice of H in the physical model such that ( 14.11) holds is that (cf. [TUI 
Chapter XIII]) 

H{x,y) = V{x) + -{M{x)y,y), 

where M(x), called mass matrix of the system, is a (i x rf-real symmetric, smooth and 
positive definite matrix; and V{x), called potential energy, is a smooth function. Assume 

that 

M(x) > C/dxd, 

then (ji?T]) . and hence (iri|) with e = 0, holds. If moreover F e C^,M e C^, and V^ > 
(equivalently, bounded from below since one may add a constant to H) such that 

||W(x)|| <C(\/(x) + l), A; = 2, 3, 

then Assumption (H) holds with W{x,y) = H{x,y) + 1 and h = I2 = 1- Therefore, 
Theorem 14.11 applies. 
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4.2 Case (II): A := V^^^Z^^^ is constant 

Throughout this subsection we assume that 

(A) (Kalman condition) A := V^^-'Z^^-' is constant and there exists an integer number 
< A; < m — 1 such that 

(4.2) Rank[So, ABq, ■■■ , A^Bq] = m. 

When A; = 0, f l4.2p means Rank[i?o] = rn which has been considered in Theorem 14.11 
Theorem 4.2. Assume (H), (A) and ( |L4|) for some e G (0, 1). Let (j){t) = ^-^h^. Then: 

(1) There exist constants ci,C2 > such that (11.91) holds for 

cUtA l)2(fc+i) 

(2) For any p > 1, there exist two constants ci(p),C2(p) > 0, where C2(p) = if h = 
h = 0, such that 

(3) If'V'^'^^Z'^^^ = Bq is constant and li < |, then there exists a constant c > such that 

|VPt/| < X{PTfl0gf-{PTf)l0gPTf} 

I c{ hW (1 + A^r-/(^-^'-^ , 1 ]p. x>OT>0 

A 1 (1 + A-l)2 ^ (T A l)(4fc+2-2;i)/(l-2Zi) + (1 A T)4^+3 J '^•^' ' 

/loMs /or a// / e ^+(M™+'^), t/ie sei of positive functions m <^fe(M"'+'='). 

(4) IfV^'^^Z^^'^ = Bq is constant and li = |, then there exist constants c,c' > such 
that for anyT>0,\> ^^^ and f e ^^{R"'+'^), 

\VPrf\ < X{Pt f log f- (Pt/) log Pt/} + '^^^^^^i^^Tf- 

Proof. Since (2) is a direct consequence of (11.121) and (1), we only prove (1), (3) and (4). 
(1) Let 






't 



I ^^^^e(^-)^Po5oe^^-^^^*d., U, = J e^^B^B^^^ds, t E [0,T]. 
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According to [9l §3], the limit 



Q:=\imt-^^''+^^TtUtTt 



t-i>0 



exists and is an invertible matrix, where {Tt)t>o is a family of projection matrices. Thus, 
Ut > c(t A '^Y^^^Imxm holds for some constant c > and all t > 0. Then there exist 
constants Ci, C2 > such that for any t G (0, -j]. 



M > 



AT 



e(^-^)^BnB*e(^-^)^*ds > 



t/2 



'0^0 



te-^\\M\T ft/2 



Cit 



2{k+l) 



e^ BqBqQ'' ds > ——^Imxm 



holds. This proves the first assertion. 

(3) By the semigroup property and the Jensen inequality, we assume that T G (0, 1]. 
Let V^'^'Z''^' = Bq be constant. Then h given in Theorem 11.11 is adapted such that 



5{h) 



{ht,dBt). 



Moreover, it is easy to see that for C,{t) given in (1) and T G (0, 1], 



\h,\ < 



c,{TW'^{Xt 



tG[0,T] 



J'2{k+l) 

holds for some constant Ci > independent of T. Thus, for any A > 0, 



(4.3) 



Ee'5WA = Eexp 
< (Eexp 



A 



T / {ht,dBt) 







< Eexp 



^ / Ihtl'dt 



C2f IoW'HXt)dt 1 

^2 \ J^ik+2 2^4fc+3 



1/2 



1/2 



On the other hand, since /i G [0, 1], by Lemma [3. II and the Jensen inequality, there exist 
two constants C3, C4 > such that 



(4.4) 



Eexp 



C3/1 
T 



T 



l^(Xt)dt 



<e 



C4ZiVK 



Tg (0,1]. 



Moreover, since 2/i < 1, there exists a constant C5 > such that 
C2W^'' c^hW C5(l + A-i)^'i/(i-2h) 



< 



+ 



X2T^k+2 - (1 + A)2T A2T(4fc+2-2h)/(l-2h) 

Combining this with (14. 3 p and (14. 4p . we conclude that 
logEe^^'*)/^ < ,, ,,, + /,_,,,,, ;, ,„, „ , + 



A,T>0. 



1 + ;^)2 \2rp{4k+2-2h)/{l-2h) \2rp4k+3- 

16 



Tg (o,i],A>o 



holds for some constant c > 0. This completes the proof of (3) by (11. 7p and the Young 
inequality (see [21 Lemma 2.4]) 

(4.5) |VPr/| = \E[fiXT)6ih)]\ < AJP^/ log /- (Pt/) log Pr/} + A(Pt/) log Ee^('^)/\ 



(4) Again, we only consider T G (0,1]. Let C2 and C be in (14. 3 P and Lemma l3.ll 
respectively. Then there exists a constant c > such that for any T G (0, 1], A > ^ 

implies 

C2 , 2 



< 



\2J'4:k+2 — 2^2(^11 ^11 2g4+2CT' 

Thus, by (14. 3 p and Lemma 13. H if A > tj^f then 



„ rp2r^\\^\\2pA+2CT 



2/;i^(X,)dt 



C2 



< 



c'(T2iy + 1) 



J^2(J\\^\\2q4:+2CT ' )^2j^ik+3 — )^2rpik+3 



holds for some constant c' > independent of T. Combining this with (14. 5 p we finish the 
proof. n 



To derive the Harnack inequality of Pt from Theorem 14.21 (3) and (4), let us recall 
a result of [5]. If there exist a constant Aq > and a positive measurable function 

7 : [Ao, 00) X W+'^ -> [0, 00) such that 

(4.6) |V.Pt/| < \{Pt f log f- {Ft!) log Pt/} + 7(A, O^t/, A > Aq 

Dm+d)^ then by [5l Proposition 4.1], 



holds for some constant Aq G (0, 00] and all / G =^^ 
(4.7) PtIXx) < {PTrf'''{x + v) exp 



7( 



-1 



l+(p-l)s 



X + sv) 



l + {p- l)s 



-ds 



holds for all / G ^'^{W^^'^) and p > 1 + Aq. Then we have the following consequence of 
Theorem O (3) and (4). 

Corollary 4.3. Let (H) and (A) hold such that V'-^-'Z*^-'^' = Bq is constant. 

(1) Ifli G [0, 1/2), then there exists a constant c > such that 

PTf{x)<{PTFf'''{x + v) 

c\v\' ({p-l)k!lw{x + sv)ds (1 + J^)4'^/a-^M 1 



X exp 

p — 1 

holds for all x, w G 



p — 1 + \v\ 



(7^ /\ l)(4fc+2-2Zi)/(l-2/i) J^Ak+3j 



,T >0,p>l and f e ^+(M"^+'^) 
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(2) If li = 1 then there exist two constants c, c' > such that for any T > 0, / G ]R™+'^ 
and x,v G R"'+'^, 



holds for p > 1 



c>|2{l + (T A 1)2 J^ W{x + sv)ds} 
(p-l)(TAl)4'=+3 



Proof (1) Let v G M™+'^ with |i;| > 0. By Theorem's), we have 
|V.Pt/| <\\v\{PTf log f - {PTf)logPTf} 

"•" \ Wl , \-lN9 "•" ^m A 1 NMi- 4-9-9;, Wn _9/, ~1 "•" /T^ a 1\4fc-|-3 ( TJj A ^ U. 



A i(l + ^~')' (TAl)(4fc+2-2«i)/{i-2/x) (TAl)^ 



Replacing A by A, we see that f l4.6p holds for any Aq > and 



c\v 



hW (1 + |^;|A"l)4'i/(l-2/i) 



^^^'■) A \(l + |i;|A-i)2 + (TAl)(4fc+2-2h)/a-2«i) + (TAl)4^^+3 '^' ^^°' 
Then the desired Harnack inequality follows from (14. 7p since 

l + {p-l)s 

cw / I liW(x + sv) UH — - J 1 

+ ^77^ ,,f,, ,. „ ,„, „ , + 77- —77-77 Ws 



P-1Jq \l I kl(l+(p^l)s) (^2^/\ l)(4fc+2-2Zi)/(l-2/i) (TAl) 

^ ^ / /i(p-l)/,V(x + .^;)d. ^ (1 + M)4h/(i-2/.) 



4fc+3 



P-1\ p-l + \v\ (2-/\l)(4fc+2-2/i)/{l-2Zi) (rAl)4fc+3 

(2) Let V G M^^'^ with \v\ > 0. By Theorem |121(4) , 

iV.Pr/l < |t;|A{PT/log/ - (PT/)logPT/} + '"'^''^^I^^T^I'Zs^ ^^ Prf 

holds for A > T^f^^w- Using A to replace A, we see that f l4.6p holds for Aq = /y^^Lfc and 

c'\v\\ilATYW + l) 
^y 'V- A(TAl)4'=+3 

Then the proof is completed by (14.71) . D 

Finally, according to e.g. [HI §4.2], the Harnack inequalities presented above imply 
explicit heat kernel estimates and entropy-cost inequalities for the invariant probability 
measure (if exists). 

Since there exist many non-trivial examples of A and Bq such that (A) holds (see [7]), 
it is easy to construct corresponding examples to illustrate Theorem 14.21 For instance, 
for Theorem 14.21 (3) and (4) only simply consider (11.31) with H{x, y) = {Ax, y) + W{y) 
such that VW = Bq, and for assertion (2) a small perturbation of W is allowed. 
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